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Abstract
In this work we derive the version of the Equivalence Theorem that
applies when the symmetry breaking sector of the Standard Model is
described by a general chiral lagrangian. The demonstration is valid
for renormalized fields for any value of the gauge parameter (in Rξ
gauges) and any parametrization of the coset space. It is based in the
absence of gauge anomalies which makes it possible to build an (anti)-
BRS invariant chiral lagrangian in terms of the renormalized fields
and therefore to use the corresponding Ward identities to obtain the
theorem.
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1 Introduction
This paper deals with the problem of finding a general derivation of the so-
called Equivalence Theorem (ET) [1,2,3] relating the S matrix elements of
electroweak gauge bosons longitudinal components with the corresponding
S matrix elements for the would be Goldstone Bosons (GB) at high energies
compared with the electroweak symmetry breaking scale v = 250GeV . This
kind of relation could be very useful in order to obtain information about
the Symmetry Breaking Sector (SBS) of the Standard Model (SM) from the
future LHC data since computations are by far easier to be done for scalars
than for longitudinal gauge bosons. Despite the very precise data collected
at LEP we have virtually no information about the SBS of the SM and
it is still a mystery whether this sector can be described by the Minimal
Standard Model (MSM) with just one doublet of Higgs fields, the Minimal
Supersymmetric SM (see [4] for a review), Technicolor [5] or other models
like the so-called BESS model [6].
As it is not possible, at present, to know which is the dynamics responsible
for the spontaneous breaking of the electroweak group SU(2)L×U(1)Y to the
electromagnetic group U(1)em, it is very important to develop some model
independent framework to describe, at least phenomenologically, the SBS
mechanism. Recently such a framework has been proposed using a formalism
borrowed from low-energy hadron physics and called Chiral Perturbation
Theory (χPT) [7]. This approach has proved to be quite useful not only for
the model independent description of longitudinal electroweak gauge bosons
scattering (assuming the validity of the ET) [8] but also for the analysis of
the precision measurements obtained at LEP [9].
To apply χPT to the description of the SBS of the SM one assumes that
there must be some physical system coupled to the SM with a global sym-
metry breaking from a group G to another group H which drives the spon-
taneous symmetry breaking of the gauge group SU(2)L × U(1)Y to U(1)em
thus giving masses to the the W± and Z gauge bosons through the standard
Higgs mechanism. The GB related to the global G to H symmetry breaking
live in the coset space G/H and their low energy dynamics is described by a
gauged Non-Linear Sigma Model supplemented with and infinite number of
higher derivative terms (but finite for practical applications) needed for the
renormalization of the model.
As we said above χPT has been used together with the ET to describe the
scattering of the longitudinal components of the gauge bosons. However, no
rigorous proof of this theorem has been presented until the present moment
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outside the framework of the MSM. Moreover, it has been realized recently
that even in that case the simple original formulation of the SM should be
corrected in order to take into account the different renormalization of the
GB and the gauge bosons [10].
In this work we derive the general form of the theorem valid for a chiral
lagrangian description of the SBS of the SM including those renormalization
factors mentioned before. In so doing we complete the work presented in
[11] where we derived the theorem for regularized Green functions but not
for renormalized Green functions. Our derivation is based on the nice formal
proof of the ET for the MSM by Chanowitz and Gaillard [2] which relies
in the BRS symmetry [12] of the Green functions, but we take into account
the peculiarities of χPT and include all the renormalization factors. To
implement the BRS symmetry we follow a very general methods given in
[13] that provides a very useful way to build, starting from a gauge invariant
lagrangian, a quantum lagrangian which is (anti)-BRS invariant as well as a
generalization of the standard Faddeev-Popov method, and therefore, valid
for the definition of χPT when the gauge fields are quantized and included
in loops. Note that this is not the case in the original applications of χPT
to the description of the low-energy pion dynamics.
2 The chiral lagrangian description of the SBS
In order to choose the appropriate G and H groups we require the following
conditions: a) dimK = dimG/H = 3 as we need three GB to give mass
to the three observed gauge bosons W± and Z; b) G should contain the
SU(2)L × U(1)Y group so that the symmetry breaking sector can couple to
the electroweak gauge bosons; c) Since we want to ensure the experimental
relation ρ ≃ 1, we will require the subgroup H to contain the custodial
group SU(2)L+R [14]. This automatically yields ρ = 1 when the gauge fields
are switched off and also implies that the photon will remain massless since
U(1)em is contained in SU(2)L+R and therefore in H . In [11] it was shown
that these conditions completely determine the G and H groups to be G =
SU(2)R × SU(2)L and H = SU(2)L+R so that K = G/H = S3.
Therefore, the most general dynamics of the symmetry breaking sec-
tor of the SM compatible with all known constrains can be defined as a
gauged non-linear sigma model based on the coset space K = G/H =
SU(2)L × SU(2)R/SU(2)L+R = S3 with gauge group SU(2)L × U(1)Y . The
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corresponding lagrangian can be written as:
Lg = LLYM + LYYM (1)
+
1
2
gαβ(ω)Dµω
αDµωβ
+ higher covariant derivative terms
where LLYM and LYYM are the Yang-Mills lagrangians for the SU(2)L and
U(1)Y gauge fields W
a
µ and Bµ, ω
α are arbitrary coordinates chosen on the
coset S3 with coordinates ωα = 0 for the classical vacuum. The action of the
group G on this space defines the killing vectors ξαa through δω
α = ξαa(ω)ǫ
a
which is the non-linear transformation of the GB ωα(x) under the action of
an infinitesimal G element. Here, the a index runs from 1 to 6 where the
values 1 to 3 correspond to the unbroken H = SU(2)L×SU(2)R generators.
The S3 metrics gαβ is defined as follows: Let ea = e
α
a∂/∂ω
α with eαa = ξ
α
a+3
for a = 1, 2, 3 i.e. the dreibein is just the set of killing vectors corresponding
to the 3 broken generators, then gαβ is the inverse of g
αβ where gαβ = eαae
βa.
It is easy to show that G is the isometry group of S3 so that g′αβ(ω) = gαβ(ω)
under any G transformation. The covariant derivatives are defined as:
Dµω
α = ∂µω
α − glαaW aµ − g′yαBµ (2)
where lαa and y
α are the killing vectors corresponding to the gauged group
SU(2)L×U(1)Y . The higher derivative terms include in principle any covari-
ant (in the space-time and the S3 sense) piece with an arbitrary high number
of covariant derivatives and arbitrary couplings so that we can reproduce
any dynamics compatible with the symmetry breaking pattern SU(2)L ×
SU(2)R/SU(2)L+R = S
3 and the gauge group SU(2)L × U(1)Y . The gauge
transformations are:
δωα = lαaǫ
a
L(x) + y
αǫY (x) (3)
δW aµ =
1
g
∂µǫ
a
L(x) + ǫabcWµaǫLc(x)
δBµ =
1
g′
∂µǫY (x)
3 The BRS transformations and the quan-
tum lagrangian
The above gauge transformations satisfy the well known properties of closure
(since the Lie brackets of the gauged Killing vectors satisfy the correspond-
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ing SU(2)L × U(1)Y algebra) and the Jacobi identity. Following [13] this
fact makes it possible to build the related (anti)-BRS transformations by
introducing the anti-commuting ghost fields ca and c¯a, and the commuting
auxiliary field Ba with a = 1, 2, 3, 4. In the following we will use an unified
notation where the first three values of the gauge indices a = 1, 2, 3 refer to
the SU(2)L group and a = 4 refers to U(1)Y so that the gauge field W
a
µ with
a = 1, 2, 3, 4 will be defined as W aµ = W
a
µ for a = 1, 2, 3 and W
4
µ = Bµ. In
addition we introduce the Killing vector Lαa with a = 1, 2, 3, 4 as L
α
a = gl
α
a
for a = 1, 2, 3 and Lα4 = g
′yα and the completely antisymmetric symbols fabc
with a = 1, 2, 3, 4 as fabc = gǫabc for a = 1, 2, 3 and fab4 = 0.
The closure relation and the Jacobi identity are equivalent to the nilpo-
tency properties of the (s¯)− s of the corresponding (anti)-BRS transforma-
tions obtained using the general method of [13]
s2 = ss¯+ s¯s = s¯2 = 0 (4)
These nilpotency properties are very important to define a quantum la-
grangian (anti)-BRS invariant as
LQ = Lg + 1
2
ss¯[W aµW
µa + 2ξf(ω) + ξcac¯a] (5)
where f is any scalar analytical function with ∂f(ω)/∂ωα = ωα + O(ω2).
The new term added to the gauge invariant lagrangian (see [11] for complete
display) can be understood as a generalization of the more usual gauge fix-
ing and Faddeev-Popov terms corresponding to the t’Hooft like gauges (Rξ
gauges) which have two main advantages: First, they provide a contribu-
tion to the quadratic part in the gauge fields of the lagrangian so that the
corresponding operator can be inverted giving rise to well defined Rξ prop-
agators to be used in perturbation theory. Second, these gauges cancel the
unwanted GB and gauge boson mixing terms appearing in the third term on
eq.1 through the covariant derivatives. In addition, this generalized method
produces other GB-gauge boson and ghost-gauge boson interactions. For
gauges different from that of Landau (ξ = 0) we also have quartic ghost
interactions and GB-ghosts interactions.
From the (anti)-BRS invariance of the lagrangian in eq.5 it is possible to
derive the corresponding Ward identities for the dimensionally regularized
Green functions that are used in the proof of the ET. Note that the use
of dimensional regularization is needed not only to preserve the (anti)-BRS
invariance in the regularized lagrangian but also to avoid the − i
2
δn(0)tr log g
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term that would otherwise appear in the quantum lagrangian of the non-
linear sigma model (NLSM) coming from the path integral measure of the
GB fields [15] .
However, in practice one is not only interested in the regularized Green
functions but also in the renormalized Green functions in order to make
predictions for the different physical processes. To cancel all the divergences
appearing in the Green functions obtained from the lagrangian in eq.5 one
needs to consider the renormalized lagrangian which consists on that of eq.5
plus other terms with the corresponding couplings needed to reproduce all
the divergent structures appearing in the Green functions. The precise form
of these counterterms is not known beyond those with four derivatives [16],
but in any case, they should be (anti)-BRS invariant too. Otherwise, the
gauge invariance of the model would be anomalous, i.e., broken by quantum
effects. However, even when we have chiral fermions coupled to GB and
gauge bosons, it is well known that the standard hypercharge assignments
in the SM and the fact that the number of colors is Nc = 3 are such that
all possible gauge and mixed gauge-gravitational anomalies cancel, including
the non-perturbative SU(2) discovered by Witten [17]. In addition there
are potential reparametrization invariance anomalies that could break the
invariance under changes of coordinates on the coset, but as it was shown in
[18] these anomalies are absent from NLSM defined on spaces of dimension
lower than the space-time dimension as it happens in the case here considered.
Therefore, when we take into account all the terms needed, we obtain a
lagrangian with an infinite number of terms which is (anti)-BRS invariant.
It can be understood as the renormalized lagrangian of a renormalizable
theory (but with an infinite number of couplings) written in terms of the bare
fields an couplings. We can also give this renormalized lagrangian using the
renormalized fields and couplings. The terms appearing in this case have the
same form (as the theory is renormalizable in the generalized sense described
above) but now some Z factors appear in front of them. The relation between
the renormalized and the bare fields and gauge couplings is given by:
W a0µ(x) = Z
(a)1/2
3 W
a
µ (x); π
α
o (x) = Z
(α)1/2
pi π
α(x); g
(a)
0 = Z
(a)
g g
(a); ξ
(a)
0 = Z
(a)
3 ξ
(a) (6)
ca0(x) = Z˜
(a)1/2
2 c
a(x); c¯a0(x) = Z˜
(a)1/2
2 c¯
a(x);Ba0 (x) = Z˜
(a)
2 B
a(x); v0 = Z
1/2
v v
where g(a) = g for a = 1, 2, 3 and g(4) = g′. The first three Z3 are equal
due to the gauge structure of the model. Note that from now on we use as a
notation that the indices between parenthesis are not summed and that those
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fields and constants without 0 subscripts refer to the renormalized ones. In
addition we also have infinite relations between the bare and the renormalized
couplings appearing in the chiral lagrangian. Due to the existence of an
(anti)-BRS symmetry in the renormalized lagrangian written in terms of the
bare quantities it is possible to find the corresponding ”renormalized” (anti)-
BRS transformations which will leave invariant the renormalized lagrangian
once written in terms of the renormalized fields and couplings. Those (anti)-
BRS transformations can be written as:
sR[ω
α] = X(a)LαRac
a s¯R[ω
α] = X(a)LαRac¯
a (7)
sR[W
µa] = X(a)DµaRcc
c s¯R[W
µa] = X(a)DµaRcc¯
c
sR[c
a] = −X
(a)
2
faR bcc
bcc s¯R[c
a] = −X
(a)
2
faR bcc¯
bcc
sR[c¯
a] = X(a)
B(a)√
ξ(a)
s¯R[c¯
a] = −X(a)
 B(a)√
ξ(a)
+ faR bcc¯
bcc

sR[B
a] = 0 s¯R[B
a] = −X(a)faR bcc¯bBc
where LαRa = Z
(α)−1/2
pi Z
(a)1/2
3 L
α
a and f
a
R bc = Z
(a)
g Z
(a)1/2
3 gf
a
bc.
Once we have a set of (anti)-BRS symmetry transformations for the renor-
malized lagrangian in terms of the renormalized fields we can apply standard
methods to obtain the corresponding Ward identities for the renormalized
Green functions. In particular, some of those relations will be used to find
the version of the ET that applies to the chiral lagrangian description of the
symmetry breaking sector of the SM.
4 Ward Identities
The ET provides the relationship between S-matrix elements involving an
arbitrary number of longitudinal gauge bosons WL and those elements with
all the externalWL replaced by their corresponding GB. To find that relation,
and following the steps of the Chanowitz-Gaillard proof [2], we will make
use of the renormalized lagrangian BRS invariance to derive Ward identities
relating the desired renormalized connected Green’s functions, that will be
converted in relations between S-matrix elements by means of the Lehmann-
Symanzik-Zimmermann (LSZ) reduction formula.
Indeed, the renormalized effective action ΓR[A] obtained from the quan-
tum lagrangian of the gauged NLSM is (anti-) BRS invariant too. (A stands
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for any field appearing in the quantum lagrangian i.e. Ai = ω
α,W aµ , c
a, c¯a, Ba).
This invariance can be stated as follows:
∑
i
∫
d4xsR[Ai]
δΓR[A]
δAi
= 0 (8)
The generating functional for renormalized connected Green’s functions
WR(x1, ..., xn) is given, in momentum space, by the following definition:
WR[J ] = (2π)
4
∑
n=1
∫ n∏
i=1
d4pi
(2π)4
δ4(
∑
i
pi)Ji1(−p1)...Jin(−pn)WR i1,...,in(p1, ...pn)
(9)
Using the well known relations:
WR[J ]+ΓR[A]+
∑
i
∫
d4xJi(x)Ai(x) = 0;Ai(x) = −δWR[J ]
δJi(x)
; Ji(x) = −δΓR[A]
δAi(x)
(10)
we can write the fields as follows:
Ai(k) = (2π)
4
∑
n=1
∫ n∏
j=1
d4pj
(2π)4
Jij (−pj)WR i,i1,...,in(k, p1, ...pn)δ4(k +
∑
j
pj)
(11)
It is important to notice that all the terms in this expansion contain at least
one current J . Gathering these expressions, the condition of BRS invariance
for the effective action is written:
∑
i
∫
d4k
(2π)4
sR[Ai(k)]Ji(−k) = 0 (12)
It is now straightforward to obtain Ward identities just by expanding the
fields contained in sR[Ai(k)] in terms of connected Green’s functions as in
eq.11, and then taking functional derivatives with respect to Ji(p) at J = 0.
Since we are mainly interested in relations concerning WL and GB, we need
to consider Green functions involving the auxiliary B field, as it is nothing
but the gauge fixing condition that intuitively identifies WL and the GB.
To illustrate the general procedure we derive now a Ward identity for the
two-point Green function with one B field. The result thus obtained will be
used later in the complete proof for the modified ET. So we write:
δ
δJc¯b(−k)
δ
δJj(p)
∑
i
∫ d4k
(2π)4
sR[Ai(k)]Ji(−k)
∣∣∣∣∣
J=0
= 0 (13)
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The only possible contributions come from those terms in the BRS transfor-
mations involving just one current. Thus, from eqs.7 and 11 we obtain:
X(b)√
ξ(b)
WBbl(p) = −X(a)DaRl(p)Wcac¯b(p) = (14)
where:
DaRl(p) = ipµδ
Wµa
l + L
(0)α
Ra δ
ωα
l (15)
Here we can see two important differences with the formal proof of [2]: First,
the X factors coming from renormalization. Second, the LR term which is
due to the nonlinear realization of the symmetry. Nevertheless, this term
only contributes in the zeroth order L
(0)
R , thus simplifying the complicated
relation between gauge and Goldstone bosons that one would expect naively
from the nonlinear gauge fixing condition. We now want to obtain the general
expression, and so we start from:
δ
δJc¯a1 (−k)
s∏
j=2
δ
δJBaj (−kj)
m∏
k=1
δ
δJAk(−pk)
∑
i
∫
d4q
(2π)4
sR[Ai(q)]Ji(−q)
∣∣∣∣∣∣
J=0
= 0
(16)
Where we will impose that the currents JAk are only associated to physical
Ak fields. We can easily see from the BRS transformations that we do not
get any contribution if Ai = B, neither when Ai = ω, c since there are no Jω
nor Jc derivatives. Since the Ak are physical, their polarization vectors will
cancel the derivative term in sR[W
a
µ ] = ikµc
a + ǫaRbcWµbcc because ǫ · kµ = 0.
Thus, we are only considering those terms coming from sR[c¯] and the part
which is left from sR[W
a
µ ] that we will call, generically, ”bilinear terms”.
Finally we obtain:
X(a1)√
ξ(a1)
WBa1Ba2 ...BasA1...Am(k1, ..., ks, p1, ...pm) + bilinear terms = 0 (17)
where
∑
i ki = −
∑
i pi. In order to translate this result to off-shell S-matrix
elements, we apply the LSZ reduction formula:
X(a1)√
ξ(a1)
(
m∏
i=1
WAiAi(pi)
)∑
lj
 s∏
j=1
WBaj lj(kj)
Soff−shelll1..lsA1...Am(k1...ks, p1...ps) (18)
+ bilinear terms = 0
As the a1 index is free we can drop the factor X/
√
ξ which is irrelevant.
When we multiply the whole last equation by the inverse Ai propagators,
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setting their momenta on shell, that is p2i = m
2
Ai
, we can use the same
argument as in [2] to cancel the ”bilinear terms” since they are the product
of two connected Green’s functions contracted properly, but with one off-shell
momentum, and without the pole needed to compensate for W−1AiAi(p1) → 0
when p21 = m
2
A1
. Therefore, using eq.14 to substitute the B field two point
functions, we obtain:
∑
lj
 s∏
j=1
√
ξ(aj)
X(aj)
X(cj)Wccj c¯aj (kj)D
cj
Rlj
(kj)
Soff−shelll1..lsA1...Am(k1...ks, p1...ps)
∣∣∣∣∣∣
p2
i
=m2
Ai
= 0
(19)
Now, we can take away the
√
ξ(aj)/Xaj factors since the aj are not contracted.
Then, we multiply by the ghost (non-diagonal, in principle) inverse two point
functions W−1
cdj c¯aj
(kj) so that the dj index is again free allowing us to drop
the last X factor. Therefore, we arrive to the following expression:
∑
l1...lr
s∏
i=1
DaiRli(pi)S
off−shell
l1..ls,A1..Am
(p1..pr, k1..km)
∣∣∣∣∣∣
p2i=m
2
Ai
= 0 (20)
5 The Equivalence Theorem
Our aim is to obtain the S-matrix elements from this formulae by setting all
the momenta on-shell, but the Wµ fields in the DR operator are not physical
fields. We still have to obtain the physical combinations by means of a
transformation W˜ aµ = R
abW bµ, whose most general form will be :
W˜ 1µ
W˜ 2µ
W˜ 3µ
W˜ 4µ
 =

W−µ
W+µ
Zphysµ
Aphysµ
 =

1/
√
2 i/
√
2 0 0
1/
√
2 −i/√2 0 0
0 0 cosθ −sinθ
0 0 sinθ′ cosθ′


W 1µ
W 2µ
W 3µ
W 4µ
 (21)
These new fields are the renormalized fields which ensure that the poles of
the exact propagators are located at the values of the corresponding physical
masses . Once we have obtained them, we also define: L˜
(0)a
Rα = L
(0)a
Rα (R
−1)ba.
Therefore we finally write:
∑
l1...lr
s∏
i=1
D˜aiRli(pi)Sl1..ls,A1..Am(p1..pr, k1..km) = 0 (22)
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where
D˜aRl(p) = ipµδ
W˜Rµa
l + L˜
(0)α
Ra δ
ωα
l (23)
and we have set the pi momenta on-shell for the massive physical vector
bosons.
The next step to obtain the modified version of the ET is to substitute the
momenta in each D˜aRl(p) using the relation ǫ(L)µ = pµ/m+vµ and then neglect
at high energies those terms containing vµ factors since vµ ≃ O(Mphys/E).
Unfortunately, this is not a straightforward procedure due to the gauge struc-
ture of the theory which is responsible for cancellations in those amplitudes
involving longitudinally polarized gauge bosons, and does not allow us to
simply neglect the terms containing vµ factors.
We can go around this problem using the following relation between am-
plitudes that we will write symbolically as:(
n∏
i=1
ǫ(L)µi
)
T (W˜ µ1a1 , ..., W˜
µn
an ;A) = (24)
=
n∑
l=0
(−i)l
(
l∏
i=1
vµi
) n∏
j=l+1
Kajαj
 T¯ (W˜ µ1a1 ...W˜ µlal , ωαl+1 ...ωαn ;A)
where we have omitted the irrelevant indices which are supposed to be
properly contracted, and we have defined Kaα = L˜
(0)α
Ra /M
(a)
phys. In the right
hand side we write T¯ since for each l value we carry a sum over all the
amplitudes with independent permutations of fields and indices. A very
similar relation, but without considering the K factors, was first obtained
in [2], the derivation of the formula taking them into account is completely
analogous and we do not reproduce it here. These K will modify the final
statement of the ET.
When the amplitudes satisfy the unitarity bounds, we can drop at high
energies all terms in the RHS of eq.24 but the one with l = 0 which is
precisely that with all external W˜L substituted by GB. This step is allowed
since the amplitudes will never grow with the energy and therefore those
terms which contain vµ will vanish in the high energy limit. However, when
considering effective lagrangians, the amplitudes are obtained perturbatively
as a truncated series in the energy so that the same reasoning is no longer
valid, and we have to use power counting methods to extract the leading
contributions.
In this case we can, in principle, expand the amplitudes as Laurent se-
ries in E/4πv up to a positive power N by fixing the maximum number
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of derivatives in the Lagrangian. However, as we will require these ampli-
tudes to satisfy the Low Energy Theorems (second reference in [14]) in the
M2 ≪ E2 regime, we can write the energy negative powers as (M/E)k (To
simplify the analysis we have set momentarily g′ = 0). Thus we write:
T¯ (W˜ µ1a1 ...W˜
µl
al
, ωαl+1...ωαn ;A) ≃
N∑
k=0
akl
(
E
4πv
)k
+
∞∑
k=1
a−kl
(
M
E
)k
(25)
(
n∏
i=1
ǫ(L)µi)T (W˜
µ1
a1 , ..., W˜
µn
an ;A) ≃
N∑
k=0
bk
(
E
4πv
)k
+
∞∑
k=1
b−k
(
M
E
)k
These series are formal since the coefficients can contain energy logarithms
(for the sake of brevity we have omitted the field indices in akl and b
k).
Furthermore, these coefficients can be expanded perturbatively on g, for
instance: ahl = a
h
lL(1 + O(g/4π)) where a
h
lL is the lowest order term in the
expansion of ahl in powers of g. In most renormalization schemes we have
M ≃ Mphys(1 + O(g/4π)) which means that we can write as well Kaα ≃
Ka(0)α + K
a(1)
α (g/4π) + .... where these coefficients are energy independent.
Introducing these expansions in eq.24 and neglecting terms of order O(M/E)
and O(E/4πv)N−n+1, we arrive to the following expression:
(
n∏
i=1
ǫ(L)µi)T (W˜
µ1
a1
, ..., W˜ µnan ;A) ≃ (26)
≃
 n∏
j=1
Kaj(0)αj
 N−n∑
k=0
(ak0L(1 +O(g/4π)))
(
E
4πv
)k
+O
(
M
E
)
+O
(
E
4πv
)N−n+1
which is the statement of the ET for chiral lagrangians (Note that we have
omitted for brevity the indices α of a0). In fact, if we want these approxi-
mations to make sense, we have to restrict the values of the energy to the
following applicability window:
M ≪ E ≪ 4πv = 4πM/g (27)
g/4π ≪ (E/4πv)N−n+1
The first two inequalities come from neglecting theO(M/E) andO(E/4πv)N−n+1
terms respectively. The last constraint is needed since we are taking into
account the O(E/4πv)N−n contribution while neglecting that of O(M/E),
therefore we expect the former to be much bigger than the latter.
The generalization to the g′ 6= 0 is straightforward due to the fact that
g′ ≪ g as well as MphysZ ≃ MphysW ≃ M (a) for any a ( all the different masses
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are of the same order when counting energy powers): we only consider the
lowest order of the a coefficients in the g or g′ expansion so that the same
reasoning we had used when g′ = 0 is still valid. Thus we can use eq.26 as
the precise formulation of the ET for chiral lagrangians.
It is important to remark that this version of the ET states that if we
expand in terms of the energy the S matrix element of a process involving
WL bosons, and we do the same with the S matrix element obtained by
substituting all the longitudinal gauge bosons by their respective GB, we are
allowed to approximate the coefficients of the first series not by the corre-
sponding coefficients of the second one, but by their lowest order in terms
of g or g′. Even more, this approximation is expected to be useful when the
energy regime satisfies the constraints of eq.27.
6 Discussion
In the preceding section we have stated a generalized version of the ET which
holds for the chiral lagrangian formalism. As a matter of fact, eq.26 is valid,
even when g′ 6= 0, for renormalized amplitudes calculated at any order in
the chiral expansion, any choice of the renormalized ξ(a) parameters and any
parametrization of the GB coset space. The main difference with the formal
version of the ET for regularized amplitudes [11] is contained in theK factors,
one per GB, that multiply the RHS of eq.26, that are basically made of the
zeroth order of the killing vectors, which selects the GB combination to be
eaten by the physical gauge fields, and renormalization constants.
The demonstration has two separated parts: First, from the BRS in-
variance of the renormalized lagrangian we derive Ward identities to relate
renormalized Green functions involving external longitudinal components of
gauge bosons to those Green functions where we replace some of this ex-
ternal legs by their corresponding GB as in eqs.14 and 17. The possibility
to build a (anti-)BRS invariant renormalized lagrangian although we do not
know the precise form of the needed counterterms is due to the absence
of anomalies when quantizing the theory. Even though we considered chi-
ral fermions, the usual hypercharge assignments and the fact that Nc = 3
cancel all possible gauge and gauge-gravitational anomalies, as well as the
non-perturbative SU(2) discovered by Witten [17]. Some issues related with
this point have been recently been discussed in [19]. We have also given a
formalism which is invariant under changes of coordinates in the GB coset,
since not only have we built a lagrangian invariant under such changes, but
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the possible reparametrization anomalies are absent since the coset dimen-
sion is lower than that of the space-time [18]. Once we have these relations
between Green functions we translate them to relations among S matrix el-
ements through the LSZ reduction formula as in eq.22, it is then necessary
to rotate the renormalized fields in the lagrangian in order to obtain the
physical combinations of fields and set the momenta on shell for the gauge
bosons.
Second, the identities thus obtained involve momentum factors that have
to be converted in polarization vectors using ǫ(L)µ = pµ/M+vµ by neglecting
at high energies the vµ factor since it is O(M/E). This step is not straight-
forward when we are dealing with chiral lagrangians, since the amplitudes
are obtained as a chiral expansion in E/4πv and they can grow with posi-
tive powers of the energy violating the unitarity bounds. Therefore we have
to perform a power counting analysis to drop the vµ terms, and obtain the
generalized version of the ET. In order to make compatible all the approxi-
mations, we have to restrict the possible values of the energy. There will be
a high energy bound needed to neglect the vµ factors as well as a low energy
bound in order to make the chiral expansion in energy powers.
The apparent contradiction between these requirements could be avoided
thanks to the smallness of the couplings g/4π and g′/4π which are involved
in the expansion at low energies. The actual existence of an applicability
window for the theorem given a perturbative order for the calculations can
only be tested by detailed computations of different scattering processes.
Nevertheless, the validity range of the theorem could be enlarged if one uses
non-perturbative techniques to implement unitarity, which would then allow
us to avoid the power counting methods, and thus to eliminate the high
energy requirements. Among others, these techniques include: dispersion
relations and Pade´ approximants [20], and the large N limit [21], which have
been found to work very well when applied to hadron physics.
7 Conclusion
In this work we have stated the version of the ET valid for the χPT meth-
ods used to describe the GB and gauge boson dynamics of the symmetry
breaking sector of the SM. Starting from a gauged NLSM based on the
coset S3 = SU(2)L × SU(2)R/SU(2)L+R, we have built a renormalized
quantum lagrangian which is not only (anti-)BRS invariant but also under
reparametrizations of the coset. The existence of these symmetries is due
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to the absence of anomalies in the theory, and they provide us with Ward
identities relating renormalized Green functions with external longitudinally
polarized gauge bosons and those with GB.
Through a power counting analysis we have been able to formulate the
ET version that holds for the renormalized physical amplitudes when calcu-
lated by means of a chiral expansion, for any coordinate choice of the GB
and for any values of the renormalized ξ(a) parameters. This version states
that when expanding in terms of the energy, we can approximate the coeffi-
cients of the S matrix element of a process involving WL bosons, not by the
corresponding coefficients of the S matrix element obtained by substituting
all the longitudinal gauge bosons, but by their lowest order in terms of g or
g′. This fact, and the appearance of the K factors due to the renormaliza-
tion procedure together with the existence of an upper bound in the energy
applicability range, are the main differences with the original formulation of
the ET.
In principle, the energy window given in eq.27 for applying simultane-
ously χPT and the ET at a given loop level can be narrow but the use of
non-perturbative techniques could extend it to higher energy regions thus
providing a model independent description of the SBS dynamics. Work is in
progress in that direction.
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9 Note Added
When this work was being completed we noticed the appearance of two re-
lated preprints on the subject. In [22] the authors arrive, up to the level of
the identities obtained from the BRS invariance, to similar results to us for
g′ = 0 and a particular parametrization of the GB. However, that work has
been critizised in [23] since their analysis does not include the power counting
subtleties that arise when the amplitudes are given as truncated series in the
energy, as it is customary in the applications of χPT. Those considerations
15
(see also H.Veltman in [10]) give rise to the upper bound in the applicability
range of the ET for chiral lagrangians that has been given in the present
work.
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